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Abstract

We investigate some generalizations of the most likely path formalism
developed for proton-computed tomography. The stochastic path of a proton
inside a homogeneous medium is replaced by a deterministic smooth path that
maximizes the probability of the proton passing through the points on this curve,
given measured entrance and exit parameters for each individual proton. We
study various factors that influence this curve and the associated error envelopes.
These factors are the influence of the energy loss, a logarithmic correction factor
in the small angle Coulomb scattering and the importance of path length versus
material thickness. We develop a method for further constraining the possible
proton paths by including energy information in the derivation of the most
likely path, utilizing an infinite-dimensional constrained functional analysis
method. It is shown that while there is an additional uncertainty on the most
likely path that is difficult to determine experimentally, the associated error
envelopes are smaller, resulting in possibly slightly improved spatial resolution
for proton-computed tomography.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Radiation treatment of tumors is an advanced tool in the fight against cancer. Heavy charged
particle radiation therapy and proton radiation therapy, in particular, offer advantages over
the more conventional radiation methodologies. However, every radiation treatment must be
preceded and accompanied by a treatment plan and various verification systems that are based
on some form of medical imaging. The imaging is typically performed by x-ray-computed
tomography (XCT), which introduces uncertainties in the proton treatment delivery plans.
These range uncertainties are well known and pose one of the main restrictions that need to
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be overcome for even more effective proton therapy. Moreover, for the same image quality
there is even a factor of 2–3 dose advantage of proton CT compared to XCT. Hence, proton-
computed tomography (pCT) (see (Schulte et al 2008) and references therein) would be an
important advancement in the field of proton cancer therapy with benefits in

(a) practically eliminating range uncertainties, therefore allowing very accurate and precise
proton treatment plans,

(b) providing fast patient positioning verification,
(c) achieving a reduced dose relative to XCT and
(d) providing a quantification of the range uncertainties as a function of tumor site, type, etc

that will be useful to any proton therapy facility in operation.

Characterization of the quality of a medical imaging method requires at least two quantities:
density resolution and spatial resolution. For pCT, density resolution is mainly related to energy
straggling and the spatial resolution to multiple Coulomb scattering (MCS). The achievable
density resolutions in pCT were studied in (Schulte et al 2004) and spatial resolutions in
(Schulte et al 2008). This paper extends the results on the achievable spatial resolution.

We take the stochastic dynamical system approach to study the dynamics of protons
under the influence of MCS. Section 2 develops the method that allows the computation of
the standard deviations of the scattering angle and associated lateral displacement, including
the energy loss, a logarithmic correction factor and the real path length of the protons. The
importance of these correction factors is investigated. These results are utilized in section 3
to infer approximations to the stochastic proton paths inside homogeneous materials by
maximizing the probability of protons moving along some smooth curves. There are two
different ways to derive this so-called most likely path (MLP): a method based on correlated
Gaussian random variables (Schneider and Pedroni 1994, Williams 2004, Schulte et al 2008)
and a constrained stochastic field approach. Using the latter, we derive the MLP analytically
for the case of negligible energy loss, and numerically for the general case. Some MLP
examples are shown for the general case, clarifying the expected magnitude of the correction
factors investigated in section 2. In section 4, we combine the two methods from section 3
and augment it by a constrained functional analysis method based on a Lagrange multiplier
to further constrain the MLP with information about the protons’ exit energies. From the
discussion that follows the section on the derivation of the energy-constrained MLP, we
determine that, while the energy-constrained MLP would improve the spatial resolution of the
pCT, in practice it is impossible to determine the mean exit energy accurately enough due to
the presence of large energy loss straggling. On a positive note, it is also inferred that the
associated error envelopes, which are defined as the standard deviation of a proton leaving
the MLP, become smaller and act to compensate for the uncertainty in the MLP due to the
unconstrained energy. Finally, we conclude with a brief summary along with a discussion of
limitations and possible further improvements of the MLP method for accurate and efficient
image reconstruction for pCT.

2. Dynamics due to multiple Coulomb scattering (MCS)

The general theory of the MCS is quite complicated and good reviews are available (Scott
1963). For the purpose of the present work, we exclude the one or few collisions case and
assume what is referred to as the small-angle approximation. In this approximation, due to the
statistical nature of proton collisions with nuclei, according to the central limit theorem, the
resulting angular dispersion of a parallel incident proton beam will be distributed according to
a normal distribution. The normal distribution is completely characterized by two parameters,
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Figure 1. The layout of the (s, y) coordinate system and schematic of the effect of an infinitesimal
scattering angle at some location s1.

its mean and its variance. Since there is no preferential scattering direction, the mean will be
zero. The variance is more difficult to compute. Over the years, many theories and various
approximations have been presented that lead to the widely accepted empirical formula for
the standard deviation (Amsler et al Particle Data Group 2008),

σ(l, E) = 13.6 MeV
c

β(E)p(E)

√
l

X

[
1 + 0.038 ln

(
l

X

)]
, (1)

where E, β, p are the energy, scaled speed and momentum of the proton, respectively, while X
is the medium’s radiation length and l is the path length. The energy is assumed to be constant
in this formula, so it is valid only for thicknesses resulting in negligible energy loss. The
accuracy claimed is better than 10% over a wide range 10�2 � l/X � 103. The error is very
small in the range relevant for pCT. If the logarithmic term (also called the Highland correction
(Highland 1975) is neglected, the variance is proportional to the thickness, the hallmark of
a Wiener process, i.e. the MCS can be modeled as white noise. However, the energy is not
constant for sufficiently large thicknesses, which is typically the case in pCT. Therefore, in
a first approximation one can model the MCS from a dynamical point of view as a standard
Wiener process, and then study the influence of energy loss and the logarithmic term by using
a formalism based on generalized Wiener processes. Moreover, the parameter of the Wiener
process in (1) is the path length, which is always larger than or equal to the medium thickness.
However, in previous work l was assumed to be equal to the medium thickness in the direction
of the incoming proton. The need for a correction to this assumption was investigated in this
work.

2.1. The stochastic dynamical system approach, including energy loss

The set-up is shown in figure 1. The independent variable s is the arclength along a reference
particle. The reference particle could be thought of as a fictitious incident proton that does
not suffer any scattering. An arbitrary real particle will suffer many collisions, and as a
consequence its trajectory will deviate from the reference particle. The scattering in general
will take place in 3D, but the scattering in the two perpendicular planes to the reference axis
is independent, so we can work with the projected angles and trajectories in one of the two
planes. The description of the motion in the other perpendicular plane will be identical.
Assume that at a given location s1 (where the energy of the particle is E(s1)) the particle
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suffers collisions that lead to an infinitesimal scattering angle dθ(s1). If the MCS is modeled
as a Wiener process W(s1), the simple stochastic differential equation describing the process
is given by

dθ(s1) = f (E(s1)) dW(s1), (2)

where f (E(s1)) = 13.6 MeV
c

β(E)p(E)
1�
X

. Recall that the Wiener process is related to the standard white
noise ξ by the formal derivative

ξ(s) = dW(s)

ds
. (3)

Physically, one can think of the Wiener process as the mathematical limit of a real, smooth
noise process and of the white noise as the corresponding limit regarding the derivatives. The
physical process can be as close as one wants to the white noise. The white noise formulation
allows some elegant mathematical manipulations since it is defined by the following two
relations:

�ξ(s)� = 0, (4)

�ξ(s1), ξ(s2)� = δ(s2 � s1), (5)

where δ is the Dirac delta function and � � stands for the mean (or expectation value). These
relations allow us to compute the scattering angle of a particle after going through a thickness
s of material as∫ s

0
dθ(s1) ds1 =

∫ s

0
f (E(s1)) dW(s1) (6)

=
∫ s

0
f (E(s1))

dW(s1)

ds1
ds1 (7)

=
∫ s

0
f (E(s1))ξ(s1) ds1. (8)

If θ(0) = 0, we obtain

θ(s) =
∫ s

0
f (E(s1))ξ(s1) ds1, (9)

the scattering angle, which allows the computation of the variance as a function of energy loss
from

σ 2
θ = �θ2(s)� =

〈(∫ s

0
f (E(s1))ξ(s1) ds1

)2
〉

(10)

=
∫ s

0

∫ s

0
f (E(s1))f (E(s2)) �ξ(s1)ξ(s2)� ds1 ds2 (11)

=
∫ s

0

∫ s

0
f (E(s1))f (E(s2))δ(s2 � s1) ds1 ds2 (12)

=
∫ s

0
(f (E(s1)))

2 ds1. (13)

Energy straggling is neglected in this derivation.
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According to figure 1, scattering will induce a lateral displacement of the particle,
modifying the trajectory away from a straight line. If at location s1 the particle scatters
by dθ(s1), the induced lateral displacement at location s downstream would be dy(s1) =
(s � s1) tan dθ(s1) � (s � s1) dθ(s1), if the angles are small. Integrating over all possible
scatterings in [0, s] we obtain the net deflection of the particle trajectories,∫ s

0
dy(s1) =

∫ s

0
(s � s1) dθ(s1), (14)

y(s) =
∫ s

0
(s � s1)f (E(s1))ξ(s1) ds1. (15)

It can be checked by utilizing the formal derivative that

dy(s)

ds
= θ(s), (16)

as required. However, note that (14) is approximate; it was obtained under the assumptions
that the scattering angles are so small as to justify the neglect of the third power of the angles.
Hence, all derivations are consistent with a quadratic approximation of the trigonometric
functions involved. On the other hand, this approximation allows an elegant analysis of the
resulting stochastic process for the lateral displacement. Note that (14) is a linear functional of
a white noise process. Combining the independent increment property with the central limit
theorem it follows that the lateral displacement is also a Gaussian stochastic process.

As (16) shows, the two Gaussian stochastic processes (the scattering angle and lateral
displacement) are not independent. Their correlation can be calculated similarly,

y(s)θ(s) =
(∫ s

0
f (E(s2))ξ(s2) ds2

)

×
(∫ s

0
(s � s1)f (E(s1))ξ(s1) ds1

)
. (17)

The covariance follows as

σ 2
yθ = �y(s)θ(s)� =

∫ s

0
f 2(E(s1))(s � s1) ds1. (18)

The variance of the lateral displacement is

σ 2
y = �y2(s)� =

∫ s

0
f 2(E(s1))(s � s1)

2 ds1. (19)

Therefore, at any fixed location s the lateral displacement and the scattering angle are
Gaussian random variables with vanishing means and variances given above. It is well known
that their joint probability distribution is therefore a bivariate normal distribution. In the
present non-singular case, the probability density function can then be written as

pdf (y, θ) = 1

2π
�

det �
exp

(
�1

2
�v��1�v

)
, (20)

where �v = (y, θ) and

� =
(

σ 2
y σ 2

yθ

σ 2
yθ σ 2

θ

)
. (21)

This simple approach based on stochastic dynamical systems is in contrast to Fermi’s
complex original diffusion approach and the associated partial differential equation (Rossi and
Greisen 1941), and Eyges’ generalization that includes energy loss (Eyges 1948).
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2.2. Inclusion of the logarithmic term

Retaining the logarithmic term in (1) requires a slight modification; the MCS process can no
longer be described by a standard Wiener process and needs to be generalized,

dθ(s1) = f (E(s1)) dWg(s1). (22)

The question is: what is the corresponding generalized white noise? We can formally write

dWg = dWg

ds
ds (23)

= ξg ds, (24)

where ξg is the generalized white noise, by analogy with the standard white noise. This leads
to ∫ s

0
dWg(s1) =

∫ s

0
ξg(s1) ds1, (25)

Wg(s) =
∫ s

0
ξg(s1) ds1, (26)

W 2
g (s) =

∫ s

0

∫ s

0
ξg(s1)ξg(s2) ds1 ds2, (27)

〈
W 2

g (s)
〉 = ∫ s

0

∫ s

0
�ξg(s1)ξg(s2)� ds1 ds2. (28)

From (1) it follows that〈
W 2

g (s)
〉 = s (c1 + c2 ln s)2 , (29)

where c1 = 1 � 0.038 ln X, c2 = 0.038 are constants. With the ansatz �ξg(s1)ξg(s2)� =
g(s1)δ(s2 � s1) we can compute the specific form of the yet unknown function g(s) by
requiring that (28) be satisfied. Therefore,

s (c1 + c2 ln s)2 =
∫ s

0
g(s1) ds1, (30)

and the fundamental theorem of calculus gives

g(s) = (c1 + c2 ln s)(c1 + 2c2 + c2 ln s). (31)

The corresponding variances with the logarithmic term included are then modified according
to

σ 2
θ (s) =

∫ s

0
f 2(E(s1))g(s1) ds1, (32)

σ 2
yθ (s) =

∫ s

0
f 2(E(s1))g(s1)(s � s1) ds1, (33)

σ 2
y (s) =

∫ s

0
f 2(E(s1))g(s1)(s � s1)

2ds1. (34)

Note that (32)–(34) differ from the corresponding equations for the same scattering matrix
elements in 2.1.
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2.3. Path length as the Wiener process parameter

To make calculations as realistic as possible, the traversed thickness in (1) should be replaced
with the actual path length l of the particle. In turn, this implies that (2) becomes

dθ (l) = f (E) dW (l) . (35)

In a Cartesian coordinate system, the path length element in the plane (y, s) is dl =√
(dy)2 + (ds)2, which leads to

dl =
√

1 +

(
dy

ds

)2

ds, (36)

dl =
√

1 + tan2 θ ds, (37)

dl = ds

|cos θ | . (38)

Hence,

dθ(s1) = f (E(s1))�|cos θ(s1)|
dW(s1), (39)

∫ θ(s)

0

√
|cos θ(s1)| dθ(s1) =

∫ s

0
f (E(s1))ξ(s1) ds1, (40)

where we used the Brownian scaling property of Wiener processes. The left-hand side of (40)
is an elliptic integral of the second kind, which for small angles (consistent with the second
degree approximation of functions of the scattering angle) reduces to (9). Therefore, within
the Gaussian approximation it does not make a difference if one takes the material thickness
as the parameter of the Wiener process for the purpose of the evaluation of the variances.

2.4. Magnitude of the corrections for pCT

In this subsection, we investigate the magnitude of the corrections on the variances due to
energy loss and the logarithmic term. As a model case, we take a 200 MeV proton beam
incident on 20 cm of water. This case has been studied before in MLP-related publications
(Williams 2004, Schulte et al 2008). The function 1/(pβ)2 is approximated by a polynomial
of degree 5 in the material thickness. This is a very good approximation for thicknesses
not containing the Bragg peak, which is practically always the case in pCT. To illustrate the
magnitude of corrections, we use the same polynomial coefficients as in Schulte et al (2008);
see table 1.

The magnitude of the effects of the energy loss on the standard deviations is illustrated
in two different ways. We assume that there is no energy loss or we replace 1/(pβ)2 by
its average value and plot the ratio of the true standard deviations to the approximate ones.
Figure 2 shows the case of no energy loss. We note that, as expected, the standard deviations
without energy loss are smaller, and the largest discrepancy is for the angular part and the
smallest for the lateral displacement. On the other hand, in the case of the average values the
true standard deviations are smaller, and the largest discrepancy is in the case of the lateral
displacement. Of course, in this case the angular standard deviations agree; see figure 3
for details. The difference increases beyond 5% between 5 cm and 10 cm, and increases to
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(van de Weygaert and Bertschinger 1996). Here we review only the basic definitions and
results necessary for the extensions of the MLP formalism.

3.1. MLP derivation based on constrained random fields

A stochastic or random process by definition is a collection of random variables indexed by
a set called ‘time’ (in our case time is in fact the arclength of some reference particle or the
material thickness). A random process is called Gaussian if every finite linear combination
of its sample values is jointly normally distributed. Since in our case the Gaussian random
process of interest is the lateral displacement y(s), we illustrate the mathematics using this
process. Recall that y(s) is indeed Gaussian according to (15), and note that this approach
does not need the concept of scattering angle or the correlation of the lateral displacement with
the scattering angle. A random process is defined by the N-point joint probability distributions
according to the definition

PN = P(y(s1), y(s2), . . . , y(sN)) dy(s1) dy(s2) . . . dy(sN), (41)

where N is an arbitrary integer and the values of si, i = 1, 2, . . . , N are fixed. If the process
is Gaussian, then

PN = exp
(� 1

2 yT · M�1 · y
)

(2π)N
�

det (M)

N∏
i=1

dyi, (42)

where y = (y1, y2, . . . , yN) = (y(s1), y(s2), . . . , y(sN)) and M�1 is the inverse of the
correlation matrix Mij = �yiyj �. By taking the limit N � �, the summations in (42)
turn into integrals and the exponent into a functional

P[y] = e�S[y]D[y], (43)

where the so-called action functional is

S[y] = 1

2

∫ ∫
K(s2 � s1)y(s1)y(s2) ds1 ds2, (44)

and D[y] is a measure. The probability density is e�S[y].
Complications arise if one wants to constrain the realization of a certain Gaussian process

in certain ways, because according to (43), in general, a Gaussian process subject to constraints
will couple every point of the field to all other points. If that is the case, one is forced to
formulate the problem in a infinite-dimensional probability space. The problem can be solved
by noting that the constraints may be incorporated in the action itself so that the constrained
problem is reformulated as an unconstrained distribution with a new action. Assume that M
constraints ci are imposed,

	 = {Ci | Ci [y; si] = ci, i = 1, 2, . . . , M} . (45)

If the constraints are linear functionals of the field,

Ci [y; si] =
∫

f (si � s)y(s) ds = ci, (46)

then this category contains constraints that fix their value and derivative at certain fixed
points, among other convolutions. In these cases, the field y should be convoluted with
f (si � s) = δ(si � s) or f (si � s) = ∂

∂s
δ(si � s); δ being the Dirac delta function.

Therefore, according to the Bayesian theorem, the probability of the constrained
realizations is the conditional probability

P [y|	] = P [y, 	]

P [	]
= P[y]

P [	]
, (47)
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since for linear functionals the joint probability space is the same as P[y]. Recall that linear
functionals of Gaussian fields are Gaussian. The linear functional constraints will have a
multinormal joint probability distribution

P [	] = exp

(
�1

2
CT · Q�1 · C

)
D [	] , (48)

where Q = �CiCj � is the constraint correlation matrix. Hence,

P [y|	] = exp

(
�1

2

(∫ ∫
K(s2 � s1)y(s1)y(s2) ds1 ds2 + CT · Q�1 · C

))
D[y]

D [	]
, (49)

and the constraints 	 have been incorporated into a new action

S[y] = 1

2

(∫ ∫
K (s2 � s1) y(s1)y(s2) ds1 ds2 + CT · Q�1 · C

)
. (50)

The average field that satisfies the constraints can be computed from yav(s) = �y|	� and it
can be shown to be equal to van de Weygaert and Bertschinger (1996)

yav(s) =
∑
i,j

ζi(s)Q
�1
ij cj , (51)

where ζi(s) = �y(s)Ci� are the cross-correlations between the field and the constraints. Also,
the most likely path ymlp(s) is given by the stationary value of the action, i.e.

δS

δy

∣∣∣∣
y=ymlp

= 0, (52)

where δ/δy signifies the functional derivative. In the Gaussian field setting the average and
most likely fields are identical ymlp(s) 	 yav(s), mirroring the well-known fact from the
standard Gaussian random variable setting. Therefore, there is no need to distinguish between
the two concepts.

It can also be shown (van de Weygaert and Bertschinger 1996) that the residual field
Y (s) = y(s) � ymlp(s) is a shifted zero mean Gaussian field around the most likely field, and
its variance is given by

σ 2
Y (s) = �Y 2(s)|	� = �y2(s)� �

∑
i,j

ζi(s)Q
�1
ij ζj (s), (53)

where σ 2
y (s) = �y2(s)� is the variance of the unconstrained realization of the field. Since it

is a zero mean Gaussian, the variance completely determines the statistical properties of the
residual field.

There are several important facts to mention. According to (51), the most likely field
is a linear function of the constraint values. This most likely field is in fact the most likely
path of a proton in a medium under the Gaussian approximation presented in the preceding
section. It can readily be computed if the correlations between the various constraints, and
the field and constraints are known. The variance (53) of the residual field is s-dependent
and independent of the specific values of the constraints. If all the constraints and the field
are positively correlated or anti-correlated, the resulting variance is always smaller than the
original unconstrained field variance. This suggests that appropriate constraints always reduce
the uncertainty in random processes, which is what we strive for in pCT. The residual standard
deviation is in fact the error envelope of the most likely path of the proton in a medium,
the so-called banana. The specific forms that some of these equations take for pCT and the
analytic derivation of the MLP for the case of no energy loss are presented in appendix A.
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3.2. The standard derivation based on Gaussian random variables

Although the derivation based on constrained random fields is elegant and is applicable to
the case of many constraints, there are only a few constraints for MLPs in pCT, and for such
cases there is a more elementary derivation based on random variables, not fields. As it will
become clear in the following section, this approach has some advantages when dealing with
non-Gaussian constraints.

Typically, in pCT there are four constraints on the Gaussian stochastic process representing
the lateral displacement of a proton traversing a medium. Silicon strip detectors provide the
position and direction of the proton before entering the medium and the same information
after exiting it. In terms of the previous section, these are two constraints for the field value
at two points and another two constraints for the derivative of the field. These constraints
can be written as linear functionals of the field, so the MLP will be a linear function of the
constraints according to (51) and the residual will be Gaussian with variance (53). However,
without the concept of the field, and some of the constraints being related to the derivative
of the field it becomes necessary to introduce the scattering angle (the derivative of the field)
as a correlated random variable with the lateral displacement. At any fixed s, the lateral
displacement and scattering angle are Gaussian random variables, therefore having a joint
normal distribution. The constraints mean that their values are fixed at the entry and the exit
points. Now, at an intermediate point one can use the independent increment property of
the Gaussian random vectors, that is the probability to scatter from the fixed entrance to an
arbitrary intermediate point and the probability to scatter from the intermediate point to the
fixed exit are independent. Care has to be taken in the case of energy loss, since the slowing
down of protons breaks the time reversal symmetry of the system. The resulting probability
density for the intermediate point will obviously be a Gaussian random vector, and its average
(or equivalently the most likely value that maximizes the probability) is the most likely path
of the protons and coincides with (51). Then, if one introduces relative random variables
relative to the most likely path, again the resulting probability distribution is a bi-Gaussian
with variance (53). For mathematical details of this derivation see (Schulte et al 2008).
Summarizing, this derivation gives up the concept of the field, introduces the scattering angle,
sets up the correlated distributions of the random vector formed by the lateral displacement and
scattering angle, hardwires the constraints at the entrance and exit points into the probability
distribution, and utilizing the independent increment property of the Gaussian vectors derives
the MLP and the variance of the residual around the MLP.

It is instructive to reproduce the main result of Schulte et al (2008), the formula for
the computation of the MLP. We follow the notation of Schulte et al (2008). The vector of
lateral displacement and scattering angle is denoted by y. Its value along the MLP is ymlp, the
entrance value is y0 and the exit value is y2. The MLP is given by (30) in Schulte et al (2008),

ymlp = (��1
1 + RT

1 ��1
2 R1

)�1 (
��1

1 R0y0 + RT
1 ��1

2 y2
)
, (54)

where R0, R1, �1 and �2 are various 2 × 2 matrices defined in (Schulte et al 2008). Denoting
� = (

��1
1 + RT

1 ��1
2 R1

)
, introducing a vector yd = (y0, y2) and the 2 × 4 matrix ϑ in the

block form ϑ = (
��1

1 R0 RT
1 ��1

2

)
, (54) can be written as ymlp = ��1ϑy, which is almost

of the same form as (51). However, (54) requires more operations for the computation of
the MLP than (51) (six integrations, three matrix inversions, and several matrix and vector
multiplications and additions). This is due to the fact that (54) gives simultaneously the MLP
as well as the scattering angle. If only the MLP is of interest, it may be more efficient to use
(51), which requires more integrals for the computation of ten matrix elements and four vector
elements (a total of 14 integrations), but only a 4×4 matrix inversion and two multiplications.
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4. Energy-constrained MLP formalism

Typically, in pCT the protons’ position and direction are considered the relevant information
for the determination of the MLP. Moreover, the energy of the protons is known and is used
to compute the integrated electron density, which combined with the MLP is needed for
tomographic image reconstruction. The entrance energy is known from the energy delivered
by the accelerator complex and the exit energy is determined by a calorimeter. However,
if the medium is assumed to be homogeneous, as in the derivation of the MLP, the energy
information can be used to �ne-tune the derivation of the MLP. This is the subject of this
section. The relevance of knowing the energy can be illustrated by the following example:
consider a given proton that enters the medium at a certain position with some angle at the
energy of the accelerator and exits at some position and angle with energyEexit,1. It might
happen that another proton enters the medium with the same parameters and exits in the same
place and direction, but with a different energyEexit,2 � Eexit,1. The MLPs derived according
to the preceding sections of the two protons would be identical, but the different energies
imply that the proton that lost more energy took a longer path inside the medium. Energy loss
straggling will complicate this picture if its standard deviation is comparable or larger than
that due to the path length variation. This will be discussed in section4.2, but for now we will
ignore it. The incorporation of this energy dependence in the MLP formalism can be done by
a constrained functional minimization as described next.

The Bethe–Bloch formula gives the energy loss rate of protons in a medium,

Š
dE(�r)

dl
= 
 e(�r)F (I ( �r), E( �r)), (55)

where

F (I ( �r), E( �r)) = K
1

� 2(E)

�
ln

�
2mec2

I ( �r)
� 2(E)

1 Š � 2(E)

�
Š � 2(E)

�
. (56)

The electron rest mass ismec2, I ( �r) is the mean ionization potential of the medium,
K = 0.17 MeV cmŠ1 is a constant and
 e(�r) is the scaled electron density relative to water. If
I and
 e are known (55) gives the track length in the medium, if the entrance and exit energies
are known,

L =
� L

0
dl = Š

� E(L )

E0

dE

 e(�r)F (I ( �r), E( �r))

. (57)

Therefore, the right-hand side can be computed by numerical integration and givesL. On the
other hand, the length of a smooth planar curvef (x) is given by

� x1,x2 [f ] =
� x2

x1

�
1 + (f 
 (x̄))2 dx̄. (58)

Applied to the MLP formalism, these equations imply

L =
� R

0

�

1 +
�

dymlp(s)
ds

� 2

ds =
� R

0

�
1 + � 2

mlp(s)ds, (59)

whereL is computed from (57). Equation (59) can be thought of as an additional constraint
that we can impose on the MLP. However, this is a different constraint from the point-like
constraint on the value or derivative of a random �eld encountered in the derivation of the MLP
in section3.1. The new constraint is a functional (meaning it maps functions into numbers)
that couples every point on the MLP to every other point, but it is not a linear functional of
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It would be interesting to know if such an extension of the formalism is possible, especially
for potential applications with many nonlinear constraints. In the following, a mechanism is
presented by which we can incorporate the additional nonlinear constraint into the formalism
of section3.2by using an approach that takes ingredients from both previous methods used to
derive the MLP.

Recall that the derivation of the MLP in the random variable setting is done by constructing
a function� 2 (y(s), � (s), s ) and minimizing it by


� 2(y(s), � (s), s)

y(s)

�
�
�
�
y= ymlp

= 0, (64)


� 2(y(s), � (s), s)

� (s)

�
�
�
�
� = � mlp

= 0. (65)

The result of this operation is the MLP. For the exact form of the function� 2 (y(s), � (s), s )
and details of the derivation, see (Williams2004). According to (16), we have the relation
� mlp(s) = dymlp/ ds, that isymlp and� mlp are not independent. Also,� 2 is a positive de�nite
function since it is the sum of two probabilities. It follows that the minimization of� 2 at each
point s is equivalent to the minimization of the integral of the function over all pointss in its
domain. In other words, we can de�ne a functional

� [� 2] =
� R

0
� 2(y(s), y 
(s), s)ds (66)

that we want to minimize, subject to the �xed boundary conditionsy(0) = y0 andy(R) = yR.
The result of this minimization yields yet another way to derive the MLP. In this context,
minimization of the functional means that the functional derivative of� [� 2] vanishes,
�� [� 2]/�y = 0, i.e. the MLP is the stationary value of the functional according to (52).
Since the functional is a simple integral, the Euler–Lagrange equations

�� [� 2]
�y

=
d
ds


� 2


y 

Š


� 2


y
= 0 (67)

give a simple way to compute it. The result of (67) is a second-order ordinary differential
equation (ODE) fory(s). The equation can be solved numerically in the general case or
analytically in the case of no energy loss. Indeed, we checked that this approach does give the
same results as the preceding two other methods already described. Another way to see that
this is true is to note that if (64)–(65) are satis�ed then also (67) is satis�ed.

However, the importance of this approach resides in the fact that the new constraint on
the length can now be incorporated by a Lagrangian multiplier method. Standard functional
analysis tells us that the constrained minimization of a functional� [� 2], when the constraint is
another functional� 0,R [y
], can be realized by de�ning a new functional� [� 2] + �� 0,R [y
] and
performing an unconstrained minimization of this functional subject to the constraint value
� 0,R [y
] = �l . Here,� � R is the so-called Lagrange multiplier. Due to the fact that� 0,R [y
] is
quadratic iny
 the resulting ODE will be of second order. Therefore, we set up a second-order
linear ODE fory(s) subject to boundary conditionsy(0) = y0 andy(R) = yR, and determine
� such that the length constraint is satis�ed. The solution is the MLP that satis�es both
the required boundary conditions and has the required track length. Moreover, as a special
case when� � 0, the original MLP is recovered. We note that in this case the ODE cannot
be reduced to the solution of a system of two algebraic equations as before, because it would
result in no solutions for� that satisfy the length constraint.
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It should be mentioned that the ODE is very complicated in general, numerically unstable
since it is singular at the endpoints, and its solution depends on the value of λ, which is not
known a priori. That is why, the solution process is quite tedious and time consuming. In
practice, we execute the following algorithm:

(a) compute χ2 and set up the ODE with λ as a parameter,
(b) set the boundary conditions y0 and yR of the given proton,
(c) compute the value of the constraint �l (the proton exit energy is used here),
(d) run a numerical optimization algorithm that minimizes |ζ0,R[y 
] � �l| as a function of λ,
(e) evaluate MLP by a final solution of the ODE for this value of λ.

The process is time consuming because of the stiff nature of the ODE that needs to be solved
in each step of the numerical optimization, which might take many steps depending on the
particular case.

The process of computing the new MLP would be simplified if the ODE could be solved
analytically. Unfortunately, this does not seem to be the case if energy loss or the Highland
correction is taken into account, but it is possible to do it in the no-loss case. However,
it is an oxymoron to talk about the new length-constrained MLP in the absence of energy
loss, since the variations in length among the protons induce differences in the energy loss.
However, since computationally it is much more efficient, it is worthwhile to look into both
and quantify the differences in order to decide if it makes any sense for the length correction to
be included in the image reconstruction algorithms, and if it is desirable to include it, then can
it be approximated by the simplified analytical solution of the no-loss case. This derivation is
presented in appendix B. Note that appendix B contains the definitions of the variables �l0
and � = 2(L � R)/�l0 � 1; both will be used in the following sections.

4.1. Examples of energy-constrained MLPs

In this section, the effects of energy-constraining the MLP are studied for a proton of 200 MeV
initial energy and 5 mm and 100 mrad lateral and angular deviation from its initial location
and direction after traversing a thickness of 20 cm of water; see figure 7. As mentioned in the
previous section, this process needs the determination of the Lagrange multiplier, λ, for each
value of �. Figure 9 shows the resulting λ values for the full range of �. By construction,
the graph of the curve goes through the origin and it has a horizontal and a vertical asymptote.
Positive values of � result in negative values of λ. Very large � values correspond to very
long path lengths, and that means that eventually the results break down due to failure of the
small angle scattering approximation. Hence, these results are valid up to moderately large
values of �, where the curve already practically reached the horizontal asymptote. On the
other hand, negative values of � result in positive values for λ. Depending on the specific
MLP, the values for λ increase without limits and the curve develops a vertical asymptote
where λ � �. Mathematically, this limit can be calculated analytically and corresponds
to the straight line between the entrance and exit points. Obviously, this corresponds to a
minimum value of � and there is no solution for smaller values since there is no shorter path
between the two points than the straight line.

Figure 10 and 11 show the differences between the two MLPs for negative and positive
values of �, respectively. The MLPs follow each other quite closely for small values of �

and reach maximum absolute differences of the order of 1 mm at values of � � �30% and
� � +40%. For large values of |�| , but small enough that they could occur in practice,
maximum deviations of several mm can be expected. As required by theory, for large negative
� values the energy constrained MLPs tend to the straight line, while for large positive �
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Figure 9. The values of the Lagrange multiplier λ corresponding to different path shortening or
lengthening in the case of the proton MLP shown in figure 7.

values the energy constrained MLPs tend to bend much more in the second half of the medium.
This behavior is not unique, it changes according to the particular values of entrance and exit
parameters.

The relative importance of energy loss versus energy constraint can be judged from
figures 12 and 13. The calculations for figure 13 involved the numerical solutions of the
appropriate ODEs according to the general recipe described in the previous section. It seems
that, in general, energy loss in the expressions of the standard deviations has a larger effect
than the length or energy constraint, at least for moderate values of �. The amount of energy
loss does not seem to influence considerably the differences between the energy-constrained
and -unconstrained MLPs. Hence, in general it is not advised to use the analytic calculation of
the energy constraint from the previous section in the case of significant energy loss.

4.2. Discussion

The first question that arises is about the range of the � values that can realistically be expected.
Unfortunately, this is a difficult problem practically. As Tschalar’s theory shows (Schulte
et al 2004) and simulations with GEANT4 (Allison et al 2006) prove, the energy straggling
standard deviation for 200 MeV protons after traversing 20 cm of water is σE (20 cm) =
2.1 MeV; see figure 14. On the other hand, we showed with (63) that the average magnitude
of track lengthening one can expect is about 50 μm, and this is achieved according to (55)
by a final energy difference of �40 keV. That is, the final average energy of a proton with
200 MeV initial energy after traversing 20 cm of water is �86.9 MeV and after traversing
20.005 cm of water is �86.86 MeV, using Iwater = 75 eV. Clearly, the energy straggling and
experimental errors ‘drown’ this small energy variation due to longer tracks, and therefore
cannot be determined in practice.

However, the values of � might be sensitive to even small final average energy variations,
depending on the specific values of �l0. To illustrate this, we ran 2 × 104 protons in GEANT4
and calculated the average length of the MLPs without energy constraint. After 3σ cuts in
angle and energy to confine the results to the Gaussian regime, the result was �l0 = 68 μm,
which gives an average length of 20.0034 cm, a value that is only about 20 μm shorter than
what the theory of quadratic functionals predicts. The �l0 distribution is shown in figure 15.
The average exit energy was 86.364 MeV. Using the final energies (including straggling) to
estimate path lengths from the Bethe–Bloch equation, we obtained the distribution shown in
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Figure 10. Comparisons of proton MLPs shown in figure 7 for different values of negative path
length/energy constraints.

figure 16. Clearly, path lengths less than 20 cm are the artifact introduced by straggling. The
average path length is 20.0622 cm, longer than the theoretical results, which in part is due to
the fact that the trajectories are in 3D.
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Figure 11. Comparisons of proton MLPs shown in figure 7 for different values of positive path
length/energy constraints.

The track length difference of a few μm between the theory and the one predicted by the
MLP without energy constraint around the average final energy is generated by a negligible
energy loss difference. While this small energy difference is ‘drowned’ in the energy loss



MLP formalism for pCT 6119

was shown how to incorporate the logarithmic term in the formalism and concluded that it is
important for small thicknesses, but practically coincides with the simpli�ed version at large
thicknesses. Moreover, within the Gaussian approximation, there is no difference between
standard deviations evaluated using path length or material thickness. The effects of these
factors were shown for examples of MLPs of protons. In summary, energy loss is de�nitely
important to take into account, and the logarithmic term, although improving accuracy only
marginally, should be retained since it does not add much to the complexity of the formalism
or increase signi�cantly the computational time.

Another avenue for generalizing MLPs is given by the exit energies of the protons. We
developed a method based on constrained functional analysis to include the �nal average
energy, or equivalently the path length, of the protons into the MLP formalism. This way,
besides initial and �nal positions and directions, the initial and �nal energies contribute to
further constrain the possible paths of the protons inside a homogeneous medium, potentially
improving the spatial resolution of pCT. We studied the magnitude of this effect and concluded
that experimentally it is practically impossible to determine this due to the large energy loss
straggling that dominates over the small differential average energy losses due to different total
path lengths. On the one hand, this shows that while energy straggling is the main limitation to
the density resolution, it also indirectly in�uences the practically achievable spatial resolution,
too. On the other hand, again indirectly, we can infer that the magnitude of this effect most
likely lies in the submillimeter range for most cases, but some extreme cases could result
in MLP errors of several mms. Probably most importantly, the resulting error envelopes of
the energy constrained MLPs are smaller, an effect that might more than compensate for the
additional uncertainty in the MLP that results from the unconstrained path length. There is
preliminary evidence supporting this claim. Unfortunately, quantitatively it cannot be derived
since the error envelopes are not Gaussian, and this makes the analytical calculation very
dif�cult. One can conclude that the error envelopes are smaller, but they are not independent
of the particular proton, that is, each MLP has its own error envelope. Again, it should be
pointed out that unfortunately this positive result cannot be translated into a practical method
for improving the spatial resolution of pCT over that already achieved by previous formalisms,
but it explains why the ‘empirical’ resolution based on GEANT4 simulations is better than the
resolution predicted by the standard Gaussian formalism.

As future work, it would be interesting to derive a quantitative estimation of the new error
envelopes and cast the formalism in the transfer map approach using differential algebraic
methods. Also, it is important to evaluate how the generalized formalism would perform in
the case of inhomogeneous media, and if the accuracy can be improved by an iterative scheme,
where one starts with a homogeneous medium assumption and in subsequent steps the results
of previous steps are utilized.
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Appendix A.

For pCT, where the constraints are the value of the �eldy(s) and its derivative�(s) at two
points before and after the object, respectively,Qij and� i (s) can be calculated from (9) and
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A few clarifications are in order. The length of the trajectory of a proton according to the
standard MLP theory is L0 = R + �l0/2. In fact, in the limit

lim
λ�0

[
�p1 + 32β̄

λα
(p2 + 2p3β̄)

(α � 16β̄)2

]
= �l0. (B.8)

Therefore, according to (B.7), � must be the relative deviation of the ‘real’ proton path length
as obtained from energy measurements with respect to the length given by the standard theory.
Equation (B.7) was set up in such a way because this way the solution of the equation happens
to be λ = 0, if � = 0. It is more convenient to work with this form of the equation. In
general, the solution will depend both on the constraints and the particular value of � that
must be computed from (57) and � = 2(L � R)/�l0 � 1. The solution must be found by a
numerical root-finding algorithm that is very fast in general. The equation has at most one real
solution, so if there is a solution, then it is unique. The cases without solutions are illustrated in
section 4.1.

Note that (B.7) is not linear in the constraints. Hence, the MLP (B.6) will also be nonlinear
in the constraints. This is in contrast to the Gaussian setting, where everything stays linear.
This is a consequence of the non-Gaussian nature of (61). Also, as these equations show,
the results are complicated even in the no energy loss case. When energy loss is taken into
account the corresponding ODE (B.1) will have a non-zero coefficient for y(s) rendering the
analytical solution impossible.
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